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Abstract
We obtain T–duality invariant second order differential equations satisfied by the
D8R4 and D10R4 interactions from the low energy expansion of the one loop four
graviton amplitude in toroidally compactified type II string theory. The eigenvalues of
these equations are completely determined by the structure of the one loop integrands.
Unlike the BPS interactions, these non–BPS interactions satisfy Poisson equations
having source terms that receive contributions from both the bulk and boundary of
the worldsheet moduli space. We explicitly solve these equations in nine dimensions.
1email address: anirbanbasu@hri.res.in
1 Introduction
Maximally supersymmetric string theories provide a very useful arena for quantitatively
analyzing in detail the duality symmetries of string theory. S–matrices in these theories
in the Einstein frame are U–duality covariant, the determination of which yield complete
information about the perturbative and non–perturbative contributions to these scattering
amplitudes. They lead to moduli dependent coefficient functions for various interactions
in the low energy effective action. For toroidally compactified type II string theory, sev-
eral BPS interactions can be obtained exactly using both worldsheet and spacetime tech-
niques [1–28]. This is possible essentially due to the large amount of supersymmetry the
theory possesses. These BPS interactions receive perturbative contributions only upto a
finite number of loops and hence satisfy various non–renormalization theorems. However,
the structure of the non–BPS interactions is considerably more complicated as they are
expected to receive contributions from all orders in superstring perturbation theory, and
hence are not expected to be given by coefficient functions which satisfy simple equations.
Hence understanding the various non–BPS interactions in the effective action is important
from the point of view of understanding the structure of generic interactions which are not
protected by supersymmetry.
We shall be interested in the one loop perturbative contribution to some of the simplest
local non–BPS interactions that are obtained from the low energy expansion of string
amplitudes. These are obtained from the low momentum expansion of the four graviton
amplitude in type II string theory toroidally compactified on T d, where we take d ≤ 7.
While the first three terms in the expansion give the R4, D4R4 and D6R4 interactions
which are 1/2, 1/4 and 1/8 BPS respectively, the remaining terms of the form D2kR4 for
k ≥ 4 are non–BPS. We shall consider the D8R4 and D10R4 interactions which are the
leading non–BPS interactions in the low momentum expansion, though the primary logic of
the analysis can be extended to all non–BPS interactions. At tree level, all these interactions
are simply obtained by expanding the four graviton amplitude leading to coefficients given
by Riemann zeta functions. At one loop, they involve an integral over the (super)moduli
space of the genus one Riemann surface.
We show that the moduli dependent coefficient functions of these interactions satisfy
T–duality invariant second order differential equations with source terms2. These O(d, d,Z)
invariant differential equations for compactification on T d have eigenvalues that are com-
pletely determined by the structure of the one loop integrands. The source terms in these
Poisson equations are of two types: those that receive contributions only from the boundary
of moduli space, and those that receive contributions from the bulk of moduli space as well.
Those of the first kind are easy to evaluate as they involve only a knowledge of the asymp-
totic nature of the various integrands, in fact for the BPS interactions the source terms are
only of this type [26]. On the other hand, the source terms of the second kind are consid-
erably more involved to obtain, which signifies the complications that arise for interactions
that are not protected by supersymmetry. This happens because of the involved nature of
2The moduli of the compactification are given by Gij and Bij , which are the metric and the NS–NS two
form along the directions of T d.
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the integrands for the various non–BPS interactions compared to the BPS ones. Note that
directly obtaining the coefficient functions for these interactions by integrating over moduli
space is considerably involved because of the complicated nature of the various integrands.
However, obtaining differential equations is simpler as they involve only the knowledge of
worldsheet modular invariant differential equations satisfied by the most complicated terms
in the integrand. Thus the main objective is along the lines of [26] with the aim of looking
at some simple non–BPS interactions.
We start with a brief review of the one loop four graviton amplitude in toroidally
compactified type II string theory mentioning facts relevant for our purposes. We then
obtain the Poisson equation satisfied by the D8R4 interaction, and solve it explicitly for
the simplest case of compactification on a circle. We next perform a similar analysis for
the D10R4 interaction. We also briefly discuss possible non–analytic U–duality invariant
terms in the effective action based on the structure of harmonic anomalies in the Poisson
equations. Though we have looked at some simple examples to illustrate the main idea of
solving for the various interactions by obtaining differential equations satisfied by them, our
methods are quite general, and should be useful to analyze interactions at higher orders in
the low momentum expansion at one loop, and also at higher loops. It should also be useful
to analyze interactions in theories in other dimensions, and with less supersymmetry.
2 The one loop four graviton amplitude
The one loop four graviton amplitude in type II superstring theory toroidally compactified
on T d for d ≤ 7 is given by [29]
A4 = 2piI(s, t, u)R4, (2.1)
where
I(s, t, u) =
∫
F
d2Ω
Ω22
F (s, t, u; Ω, Ω¯)Γd,d;1, (2.2)
where we have integrated over F , the fundamental domain of SL(2,Z). Here Ω is the
complex structure of the worldsheet torus. The Mandelstam variables for the external
momenta s, t, u satisfy the on–shell condition
s+ t+ u = 0. (2.3)
We have defined the measure d2Ω = dΩ1dΩ2. The lattice factor in (2.2) denoted by Γd,d;1
at genus one for compactification on T d is given by
Γd,d;1(G,B; Ω) = Vd
∑
mi,ni∈Z
e−pi(G+B)ij (m
i+Ωni)(mj+Ω¯nj)/Ω2 , (2.4)
where i, j = 1, . . . , d and Vd is the dimensionless volume (in units of ls) of T
d in the string
frame. Here Gij and Bij are the components of the metric and the NS–NS two form along
T d respectively. Apart from the dependence on the worldsheet moduli, the entire spacetime
moduli dependence is contained in the lattice factor.
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The momentum dependent factor F (s, t, u; Ω, Ω¯) in (2.2) which also encodes the world-
sheet moduli dependence is given by
F (s, t, u; Ω, Ω¯) =
4∏
i=1
∫
Σ
d2z(i)
Ω2
eD. (2.5)
Here z(i) (i = 1, 2, 3, 4) are the positions of insertions of the four graviton vertex operators
on the toroidal worldsheet Σ. Hence d2z(i) = d(Rez(i))d(Imz(i)), where
− 1
2
≤ Rez(i) ≤ 1
2
, 0 ≤ Imz(i) ≤ Ω2 (2.6)
for all i. In (2.5), the expression for D is given by
4D = α′s(Gˆ12 + Gˆ34) + α′t(Gˆ14 + Gˆ23) + α′u(Gˆ13 + Gˆ24), (2.7)
where Gˆij is the scalar Green function on the torus with complex structure Ω between
points z(i) and z(j), and so
Gˆij ≡ Gˆ(z(i) − z(j); Ω). (2.8)
In particular, it is defined as [30]
Gˆ(z; Ω) = −ln
∣∣∣θ1(z|Ω)
θ′1(0|Ω)
∣∣∣2 + 2pi(Imz)2
Ω2
=
1
pi
∑
(m,n)6=(0,0)
Ω2
|mΩ+ n|2 e
pi[z¯(mΩ+n)−z(mΩ¯+n)]/Ω2 + 2ln|
√
2piη(Ω)|2. (2.9)
Now the z independent zero mode part given by the second term in the second line of (2.9)
cancels in the whole amplitude, which follows from the expression for D in (2.7) on using
s + t+ u = 0. Thus in the expression for D we simply replace Gˆ(z; Ω) by G(z; Ω) where
G(z; Ω) =
1
pi
∑
(m,n)6=(0,0)
Ω2
|mΩ + n|2 e
pi[z¯(mΩ+n)−z(mΩ¯+n)]/Ω2 . (2.10)
To obtain the parts of the amplitude which are analytic and non–analytic in the external
momenta, in (2.2), F is split into
F = FL +RL, (2.11)
where FL is defined for τ2 ≤ L, and RL is defined for τ2 > L [30,31], and we take L→∞.
Thus the analytic part of the amplitude is obtained by keeping the finite terms as L→∞
in FL, while the non–analytic part is obtained by keeping finite terms in RL. While both
contributions can contain terms that diverge as L→∞, they cancel in the final answer.
Thus performing a low momentum expansion, the analytic part of the amplitude is given
by
Ian(s, t, u) =
∞∑
n=0
∫
FL
d2Ω
Ω22
4∏
i=1
∫
Σ
d2z(i)
Ω2
· D
n
n!
Γd,d;1. (2.12)
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Hence performing an α′ expansion we get that
Ian(s, t, u) =
∑
p,q
σp2σ
q
3J
p,q, (2.13)
where
Jp,q =
∫
FL
d2Ω
Ω22
jp,q(Ω, Ω¯)Γd,d;1, (2.14)
and
σ2 = α
′2(s2 + t2 + u2), σ3 = α
′3(s3 + t3 + u3). (2.15)
Here jp,q(Ω, Ω¯) is obtained after integrating over the insertion points of the vertex operators
and encodes the topologically distinct ways the scalar propagators are connected on the
toroidal worldsheet.
To obtain expressions for j(p,q), it is convenient to define the non–holomorphic Eisenstein
series given by Es(Ω, Ω¯) as
Es(Ω, Ω¯) =
∑
li∈Z,(l1,l2)6=(0,0)
Ωs2
pis|l1 + l2Ω|2s
=
2
pis
ζ(2s)Ωs2 + 2Ω
1−s
2
Γ(s− 1/2)
pis−1/2Γ(s)
ζ(2s− 1)
+
4
√
Ω2
Γ(s)
∑
k∈Z,k 6=0
|k|s−1/2µ(|k|, s)Ks−1/2(2piΩ2|k|)e2piikΩ1, (2.16)
where
µ(k, s) =
∑
m>0,m|k
1
m2s−1
. (2.17)
Now Es(Ω, Ω¯) satisfies the Laplace equation
∆ΩEs(Ω, Ω¯) = s(s− 1)Es(Ω, Ω¯) (2.18)
which we shall often use. Here the SL(2,Z) invariant Laplacian is defined by
∆Ω = 4Ω
2
2
∂2
∂Ω∂Ω¯
. (2.19)
For the leading non–BPS interactions, we have that [31]
j(2,0) =
1
4!
(9D22 + 6D1,1,1,1 +D4),
j(1,1) =
5
6!
(2D5 + 96D2D1,1,1 + 28D2D3 + 32D3,1,1
−24D2,2,1 + 24D2,1,1,1 − 48D1,1,1,1;1). (2.20)
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We now define the various quantities in (2.20). For brevity, we denote
∫
Σ
d2z
∫
Σ
d2w · · · =
∫
zw···
. (2.21)
We have that
Dl =
∫
12
Gl12, D1,1,1 =
∫
123
G12G23G31, D1,1,1,1 =
∫
1234
G12G23G34G41,
D3,1,1 =
∫
123
G12G23G
3
13, D2,2,1 =
∫
123
G212G
2
13G23, D2,1,1,1 =
∫
1234
G12G23G34G
2
14,
D1,1,1,1;1 =
∫
1234
G12G23G34G41G13. (2.22)
Hence these quantities encode the various ways the scalar propagators are connected on
the worldsheet.
2.1 The BPS one loop four graviton interactions
First let us consider the BPS interactions. The coefficient of the R4 interaction is given by3
I
(1)
R4 = 2pi
∫
FL
d2Ω
Ω22
Γd,d;1, (2.23)
while the coefficient of the D4R4 interaction is given by
I
(1)
D4R4 = 2pi
∫
FL
d2Ω
Ω22
E2(Ω, Ω¯)Γd,d;1. (2.24)
Finally the coefficient of the D6R4 interaction is given by
I
(1)
D6R4 =
2pi
3
∫
FL
d2Ω
Ω22
(
5E3(Ω, Ω¯) + ζ(3)
)
Γd,d;1 = Iˆ
(1)
D6R4 +
ζ(3)
3
I
(1)
R4 . (2.25)
On using the relation [32]
(
∆O(d,d,Z) +
d(d− 2)
2
)
Γd,d;1 = 2∆ΩΓd,d;1 (2.26)
where ∆O(d,d,Z) is the O(d, d,Z) invariant Laplacian, we have that [26]
(
∆O(d,d,Z) +
d(d− 2)
2
)
I
(1)
R4 = 4piδd,2,(
∆O(d,d,Z) +
(d+ 2)(d− 4)
2
)
I
(1)
D4R4 = 12ζ(3)δd,4,(
∆O(d,d,Z) +
(d+ 4)(d− 6)
2
)
Iˆ
(1)
D6R4 =
25ζ(5)
pi
δd,6. (2.27)
3We denote the coefficient of the D2kR4 interaction at genus g by I(g)
D2kR4
.
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Thus the source terms involve harmonic anomalies in specific dimensions whose structure
is entirely determined by the nature of the integrand at the boundary of moduli space.
Solving these equations, in nine dimensions, we have that
I
(1)
R4 = 4ζ(2)
(
r +
1
r
)
,
I
(1)
D4R4 =
4
pi2
ζ(3)ζ(4)
(
r3 +
1
r3
)
,
I
(1)
D6R4 =
4
3
ζ(2)ζ(3)
(
r +
1
r
)
+
10
pi4
ζ(5)ζ(6)
(
r5 +
1
r5
)
, (2.28)
where r is the radius of the circle in the string frame. The overall coefficients are obtained by
matching with the decompactification limit. The terms linear in r yield the ten dimensional
result, while the ones that diverge as r →∞ yield threshold corrections on summing along
with an infinite number of other such diverging terms. Their structure can be fixed using
supergravity4.
3 The one loop D8R4 interaction
We first consider the D8R4 interaction. For the various terms needed in j(2,0) in (2.20), D2
and D1,1,1,1 are simple and are given by
D2 = E2, D1,1,1,1 = E4. (3.29)
However, D4 is not simple and is given by [33, 34]
D4 = 24C2,1,1 − 18E4 + 3E22 , (3.30)
where
C2,1,1 =
∫
123
G12G23G
2
13. (3.31)
It satisfies the Poisson equation
(∆Ω − 2)C2,1,1 = 9E4 − E22 (3.32)
which shall be very useful to us. We have that
I
(1)
D8R4 = 2pi
∫
FL
d2Ω
Ω22
(
C2,1,1 +
1
2
E22 −
1
2
E4
)
Γd,d;1, (3.33)
on using (3.29) and (3.30). Thus apart from E22 , the other two terms in the integrand on
the right hand side each satisfy an eigenvalue equation on SL(2,Z)Ω.
4These interactions in nine dimensions can be directly obtained by simply integrating over moduli space.
We obtain them using differential equations to have a unified treatment along with non–BPS interactions
as well.
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Hence on using (2.26), this leads to
(
∆O(d,d,Z) +
d(d− 2)
2
)
Iˆ
(1)
D8R4 = 4pi
∫
FL
d2Ω
Ω22
(
C2,1,1 − 1
2
E4
)
∆ΩΓd,d;1, (3.34)
where we have defined
Iˆ
(1)
D8R4 = I
(1)
D8R4 − pi
∫
FL
d2Ω
Ω22
E22Γd,d;1. (3.35)
On integrating by parts the terms on the right hand side of (3.34) and using (3.32), we get
that
(
∆O(d,d,Z) +
(d+ 2)(d− 4)
2
)
Iˆ
(1)
D8R4 = 8pi
∫
FL
d2Ω
Ω22
(
2E4 − 1
2
E22
)
Γd,d;1
+4pi
∫ 1/2
−1/2
dΩ1
[(
C2,1,1 − 1
2
E4
)∂Γd,d;1
∂Ω2
− Γd,d;1 ∂
∂Ω2
(
C2,1,1 − 1
2
E4
)]∣∣∣
Ω2=L→∞
.(3.36)
To calculate the boundary contribution, we use the alternate expression for the lattice
factor given by
Γd,d;1(G,B; Ω) = Ω
d/2
2
∑
mi,ni∈Z
e−piΩ2L+2piim
iniΩ1, (3.37)
where
L = Gij(mi +Biknk)(mj +Bjlnl) +Gijninj . (3.38)
Thus as Ω2 = L→∞, only the mi = ni = 0 term in the sum contributes.
To obtain these contributions, we use the expressions [33]
pi4E4 = 2ζ(8)Ω
4
2 +
5pi
8Ω32
ζ(7),
pi4C2,1,1 =
4
3
ζ(8)Ω42 + 2piζ(3)ζ(4)Ω2 +
5pi
2Ω2
ζ(2)ζ(5)− 3
2Ω22
ζ(2)ζ(3)2 +
9pi
16Ω32
ζ(7)
(3.39)
where we have ignored terms that vanish exponentially as Ω2 → ∞. Thus for d ≤ 7, we
get a finite contribution
4pi
∫ 1/2
−1/2
dΩ1
[(
C2,1,1 − 1
2
E4
)∂Γd,d;1
∂Ω2
− Γd,d;1 ∂
∂Ω2
(
C2,1,1 − 1
2
E4
)]∣∣∣
Ω2=L→∞
= 5ζ(5)δd,4 − 5
pi
ζ(3)2δd,6. (3.40)
Next consider the contribution involving E4 in the integrand in (3.36). Defining
J1 =
∫
FL
d2Ω
Ω22
E4Γd,d;1 (3.41)
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and using (2.26), we have that
(
∆O(d,d,Z) +
(d+ 6)(d− 8)
2
)
J1 = 2
∫ 1/2
−1/2
dΩ1
[
E4
∂Γd,d;1
∂Ω2
− Γd,d;1∂E4
∂Ω2
]∣∣∣
Ω2=L→∞
. (3.42)
The right hand side vanishes for d ≤ 7, leading to
(
∆O(d,d,Z) +
(d+ 6)(d− 8)
2
)
J1 = 0. (3.43)
Hence we see that J1 satisfies Laplace equation as the source terms given by contributions
from the boundary of moduli space vanish.
Thus we have that
(
∆O(d,d,Z) +
(d+ 2)(d− 4)
2
)
Iˆ
(1)
D8R4 = 16piJ1 − 4pi
∫
FL
d2Ω
Ω22
E22Γd,d;1
+5ζ(5)δd,4 − 5
pi
ζ(3)2δd,6. (3.44)
Unlike the coefficient functions of the various BPS interactions, the relevant integrals are
not just boundary contributions from moduli space which lead to considerable complications
in general. This shows how the structure of amplitudes not protected by supersymmetry is
drastically different from their counterparts that are protected.
3.1 The one loop D8R4 interaction in nine dimensions
While (3.44) can be analyzed in arbitrary dimensions, we shall consider the simplest case
of compactifying on a circle. This simple case will be rich enough to illustrate the method
and see the complications that arise compared to BPS interactions. Thus using
∆O(1,1,Z) =
1
2
(
r2
d2
dr2
+ r
d
dr
)
(3.45)
where r is the radius of the circle in the string frame, from (3.44) we have that
1
2
(
r2
d2
dr2
+ r
d
dr
− 9
)
Iˆ
(1)
D8R4 = 16piJ1 − 4pi
∫
FL
d2Ω
Ω22
E22Γ1,1;1. (3.46)
We now consider the terms on the right hand side of (3.46). The term involving J1
can be either directly solved using (3.43) and fixing the overall normalization by explicitly
calculating the coefficient of the term with a specific r dependence, or it can be evaluated
using the unfolding technique.
We mention the unfolding technique as it will be useful for evaluating other terms that
arise in the analysis. This technique gives us that [35–37]
∫
FL
d2Ω
Ω22
f(Ω, Ω¯)Γ1,1;1 = r
[ ∫
FL
d2Ω
Ω22
+
∑
m6=0
∫ 1/2
−1/2
dΩ1
∫ L
0
dΩ2
Ω22
e−pir
2m2/Ω2
]
f(Ω, Ω¯) (3.47)
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where f(Ω, Ω¯) is modular invariant.
For f = E4, the first term in (3.47) which is linear in r vanishes as it does not leave a
finite remainder as L → ∞. Evaluating the second term which leaves a finite remainder,
we get that
J1 =
15
2pi7
ζ(7)ζ(8)
(
r7 +
1
r7
)
. (3.48)
We readily make use of
ζ(2s− 1)Γ(s− 1/2) = pi2s−3/2ζ(2− 2s)Γ(1− s) (3.49)
in our analysis at various places.
Let us now consider the only remaining term
K1 =
∫
FL
d2Ω
Ω22
E22Γ1,1;1 (3.50)
in (3.46) which we evaluate using (3.47). Note that E22 does not satisfy Laplace equation on
SL(2,Z)Ω, hence using (2.26) is not particularly useful for our purposes. The integrands for
BPS amplitudes only involve SL(2,Z)Ω invariant expressions which satisfy Laplace equation
on the fundamental domain of SL(2,Z)Ω. This is the essential reason for their simplicity.
For K1 to evaluate the first term on the right hand side of (3.47), we note that [30, 31, 38]
pi2s
4ζ(2s)2
∫
FL
d2Ω
Ω22
E2s =
L2s−1
2s− 1 + 2φ(s)ln
( L
µ2s
)
+ . . . (3.51)
for s > 1/2, and where we have dropped terms that vanish as L →∞. In (3.51), we have
that
φ(s) =
√
pi
Γ(s− 1/2)ζ(2s− 1)
Γ(s)ζ(2s)
,
lnµ2s =
ζ ′(2s− 1)
ζ(2s− 1) −
ζ ′(2s)
ζ(2s)
+
Γ′(s− 1/2)
2Γ(s− 1/2) −
Γ′(s)
2Γ(s)
. (3.52)
Thus on unfolding, this yields a finite contribution to K1 as L→∞ given by
− 4r
pi3
ζ(3)ζ(4)lnµ4, (3.53)
where
lnµ4 =
ζ ′(3)
ζ(3)
− ζ
′(4)
ζ(4)
+
1
2
− ln2, (3.54)
on using
Γ′(3/2)
Γ(3/2)
= 2− γ − ln4, Γ
′(2)
Γ(2)
= 1− γ. (3.55)
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The remaining contribution to K1 from the second term on the right hand side of (3.47) is
given by
r
pi4
∑
m6=0
∫ L
0
dΩ2
Ω22
e−pim
2r2/Ω2
[
4ζ(4)2Ω42 +
pi2
Ω22
ζ(3)2 + 4piζ(3)ζ(4)Ω2
+32pi4Ω2
∞∑
k=1
k3µ(k, 2)2K23/2(2pikΩ2)
]
(3.56)
on using the expression for the Eisenstein series in (2.16) and integrating over Ω1.
First consider the contributions from the three terms which are power behaved in Ω2 in
(3.56). The first two terms give us
15
pi7
ζ(4)2ζ(7)r7 +
4
pi5r5
ζ(3)2ζ(6) (3.57)
hence yielding non–vanishing remainders as L → ∞. On the other hand, the third term
has a logarithmic divergence as L→∞ and gives us
8r
pi3
ζ(3)ζ(4)
∞∑
m=1
Γ(0, pir2m2/L) (3.58)
which we consider as L→∞. Using the small z expansion
Γ(0, z) = −lnz − γ +O(z) (3.59)
for the incomplete Gamma function, we see that (3.58) gives us a finite contribution
4r
pi3
ζ(3)ζ(4)
(
2lnr + γ − ln(4pi)
)
(3.60)
where we have used
ζ(0) = −1/2, 2ζ ′(0) = −ln(2pi). (3.61)
Finally the remaining terms in (3.56) which are exponentially suppressed at large Ω2 con-
tribute
64
pi3r3
∞∑
k,m=1
k
m4
µ(k, 2)2
[
pirm
√
k(1 + pi2r2m2k)K1(4pimr
√
k) + (1+ 2pi2r2m2k)K2(4pimr
√
k)
]
(3.62)
to K1. Putting together all these contributions, we have the complete expression for K1 in
nine dimensions.
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Using these various expressions, we now solve (3.46) to obtain the coefficient function
of the D8R4 interaction5. We get that
I
(1)
D8R4 = c1r
3 +
c2
r3
+
20
pi6
ζ(7)ζ(8)r7 +
8
pi2
ζ(3)ζ(4)r
(
ln(µr2) +
1
4
)
+
2
pi4r5
ζ(3)2ζ(6)
+
6
pi6r7
ζ(7)ζ(8)− 4
3pi2r3
∞∑
k,m=1
k
m4
µ(k, 2)2ξ6
∫
dξ
ξ6
[
(16 + ξ2)K1(ξ) +
8
ξ
(8 + ξ2)K2(ξ)
]
+
64
pi2r3
∞∑
k,m=1
k
m4
µ(k, 2)2
[1
3
(
1 +
5ξ2
16
)
K0(ξ) +
( ξ3
64
+
7ξ
24
+
2
3ξ
)
K1(ξ)
]
, (3.67)
where c1 and c2 are undetermined constants,
ξ = 4pi
√
kmr, (3.68)
and
lnµ =
ζ ′(4)
ζ(4)
− ζ
′(3)
ζ(3)
− 1
2
+ γ − ln2pi. (3.69)
The remaining ξ integrals can be done leading to∫
dξ
ξ6
[
(16 + ξ2)K1(ξ) +
8
ξ
(8 + ξ2)K2(ξ)
]
= −K0(ξ)
12ξ2
+
1
60
∫
dξ
ξ
K2(ξ)− 13
720
∫
dξ
ξ
K4(ξ)
+
1
840
∫
dξ
ξ
K6(ξ) +
1
5040
∫
dξ
ξ
K8(ξ)
= −K0(ξ)
12ξ2
− 75K1(ξ)− 81K3(ξ) + 5K5(ξ) +K7(ξ)
2880ξ
= −4(4 + ξ2)K1(ξ)
ξ7
− (8 + ξ2)K0(ξ)
ξ6
. (3.70)
5Recall that differential equations of the form
d2I(r)
dr2
+ g1(r)
dI(r)
dr
+ g2(r)I(r) = h(r) (3.63)
have a particular solution Ip(r) given by
Ip(r) = −y1(r)
∫
dr
y2h
W
+ y2(r)
∫
dr
y1h
W
(3.64)
where y1(r) and y2(r) are the two solutions to the homogeneous equation (3.63) with h(r) = 0. Here W is
the Wronskian defined by
W = y1
dy2
dr
− y2 dy1
dr
. (3.65)
Thus the complete solution is given by
I(r) = c1y1(r) + c2y2(r) + Ip(r), (3.66)
where c1 and c2 are undetermined coefficients.
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The details relevant to the evaluation are mentioned in the appendix. Note that
∫
dξ
ξ
K0(ξ) (3.71)
cancels in the final answer, which does not produce a simple expression in terms of Bessel
functions.
Finally, this leads to
I
(1)
D8R4 = c1r
3 +
c2
r3
+
20
pi6
ζ(7)ζ(8)r7 +
8
pi2
ζ(3)ζ(4)r
(
ln(µr2) +
1
4
)
+
2
pi4r5
ζ(3)2ζ(6)
+
6
pi6r7
ζ(7)ζ(8) +
4
pi2r3
∞∑
k,m=1
k
m4
µ(k, 2)2
[
2
(
ξ2 + 4
)
K0(ξ) +
(
ξ4 + 24ξ2 + 64
)K1(ξ)
4ξ
]
.
(3.72)
We now fix the coefficients c1 and c2. To do so we directly use (3.47) with f(Ω, Ω¯) in
(3.33). As the first term on the right hand side of (3.47) is linear in r, we ignore it. For the
contribution from the second term, after integrating over Ω1 we consider the various terms
in the integrand in the large Ω2 limit. The terms which are exponentially suppressed in
C2,1,1 + E
2
2/2−E4/2 are all of the form
Ωase
−2pibΩ2 . (3.73)
On integrating over Ω2, they all yield Bessel functions of the form Kp(qr) on using the
integral representation
Ks(x) =
1
2
(x
2
)s ∫ ∞
0
dt
ts+1
e−t−x
2/4t (3.74)
and hence are exponentially suppressed at large r. Hence they can be neglected as well.
Thus the terms we need can only come from terms that are power law behaved in Ω2 in
C2,1,1 + E
2
2/2 − E4/2. In fact, simple scaling shows that r3 and r−3 terms in the final
expression can only come Ω22 and Ω
−1
2 terms in C2,1,1+E
2
2/2−E4/2. However, from (3.39)
and the expression for E2 we see there are no Ω
2
2 terms and hence
c1 = 0. (3.75)
Also the Ω−12 term in C2,1,1 is non–vanishing and we get that
c2 =
ζ(2)ζ(5)
9
. (3.76)
3.2 Possible implications for U–duality from the harmonic anomaly
Let us consider the presence of the last two terms in (3.44) which are non–vanishing only in
specific dimensions. These harmonic anomalies suggest the presence of some non–analytic
terms in the effective action based on analogy with the other known BPS amplitudes and
the general structure of the effective action.
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Let EˆD2kR4 be the coefficient of the U–duality invariant D2kR4 term in the Einstein
frame. We denote by ED2kR4 the perturbative contributions it receives. Thus ED2kR4 depends
only on Gij , Bij and the T–duality invariant dilaton. For compactification on T
d, we have
that
ED8R4(G,B, gd) = EanD8R4(G,B, gd) + Enon−anD8R4 (G,B, gd), (3.77)
where g−2d = e
−2φd = e−2φVd is the T–duality invariant string coupling. The two terms on
the right hand side of (3.77) are the analytic and non–analytic contributions in the string
coupling gd respectively. In particular,
EanD8R4(G,B, gd) = g28/(d−8)d I(0)D8R4(G,B) + g(2d+12)/(d−8)d I(1)D8R4(G,B) + . . . . (3.78)
Now the structure of (3.44) suggests that among other contributions we should have that
Enon−anD8R4 ∼ (δd,4ED4R4 + δd,6ED6R4)lngd. (3.79)
This is because the U-duality invariant equation must be of the form6
∆U EˆD8R4 = . . . , (3.80)
where ∆U is the U–duality invariant Laplacian. On using
∆U =
8− d
8
∂2φd +
d2 − d+ 4
4
∂φd +∆O(d,d;Z) + . . . (3.81)
where we have dropped terms involving the R–R moduli, and using
ED4R4 = g20/(d−8)d I(0)D4R4 + g(2d+4)/(d−8)d I(1)D4R4 + . . . ,
ED6R4 = g24/(d−8)d I(0)D6R4 + g(2d+8)/(d−8)d I(1)D6R4 + . . . , (3.82)
we get that
∆O(d,d;Z)I
(1)
D8R4 ∼ δd,4I(0)D4R4 + δd,6I(0)D6R4 ∼ ζ(5)δd,4 + ζ(3)2δd,6 (3.83)
which is precisely the structure of the harmonic anomaly in (3.44). These contributions in
(3.79) involving terms logarithmic in the string coupling in the Einstein frame arise from
non–analytic terms logarithmic in the external momenta in the string frame on converting
from the string frame to the Einstein frame. Thus it is natural to assume that (3.79) leads
to a contribution
EˆD8R4 ∼ (δd,4EˆD4R4 + δd,6EˆD6R4)lngd (3.84)
to the complete D8R4 interaction. In particular, among other terms (3.84) yields [20, 23]
δd,4
(
EanD4R4 + EanR4lngd
)
lngd + δd,6
(
EanD6R4 +
5
pi
EanD4R4
)
lngd. (3.85)
6The coefficient function can split into a sum of coefficient functions each of which satisfies a U–duality
invariant equation. Our analysis does not depend on this detail.
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From (3.85) it follows that in six dimensions the D8R4 interaction in the string frame
receives non–local contributions schematically of the form7
ln(α′s)
(
I
(0)
D4R4 + g
2
4I
(1)
D4R4 + g
4
4I
(2)
D4R4
)
+ g24ln
2(α′s)
(
I
(0)
R4 + g
2
4I
(1)
R4
)
(3.87)
at one, two and three loops, coming from the integral over RL. Here s is a generic Mandel-
stam variable. Similarly it receives non–local contributions in four dimensions in the string
frame of the form
ln(α′s)
(
I
(0)
D6R4 + g
2
6I
(1)
D6R4 + g
4
6I
(2)
D6R4 + g
6
6I
(3)
D6R4
)
+ g26ln
2(α′s)
(
I
(0)
D4R4 + g
2
6I
(1)
D4R4 + g
4
6I
(2)
D4R4
)
.
(3.88)
at one, two, three and four loops. It would be interesting to see if these expectations are
indeed borne out by explicit calculations.
4 The one loop D10R4 interaction
We next consider the D10R4 interaction that arises from the low energy expansion of the
one loop four graviton amplitude. Since most of the arguments are similar to those for the
analysis of the D8R4 interaction,we shall be somewhat brief. Among the various terms in
j(1,1) in (2.20), D2, D3, D1,1,1 and D1,1,1,1;1 are simple and are given by (3.29) and [33]
D1,1,1 = E3, D3 = E3 + ζ(3), D1,1,1,1;1 =
2
5
E5 +
ζ(5)
30
. (4.89)
However, D3,1,1, D5 and D2,2,1 are more involved and are given by
8
40D3,1,1 = 300D2,1,1,1 + 120E2E3 − 276E5 + 7ζ(5),
D5 = 60D2,1,1,1 + 10E2E3 − 48E5 + 10ζ(3)E2 + 16ζ(5),
10D2,2,1 = 20D2,1,1,1 − 4E5 + 3ζ(5), (4.90)
where D2,1,1,1 satisfies the Poisson equation
(∆Ω − 6)D2,1,1,1 = 86
5
E5 − 4E2E3 + ζ(5)
10
. (4.91)
Thus for the D10R4 interaction we have that
I
(1)
D10R4 =
10pi
6!
∫
FL
d2Ω
Ω22
(
336D2,1,1,1+240E2E3−1632
5
E5+48ζ(3)E2+
144
5
ζ(5)
)
Γd,d;1. (4.92)
7Note that
ER4 = g12/(d−8)d I(0)R4 + g
(2d−4)/(d−8)
d I
(1)
R4
+ . . . . (3.86)
8These equations and the Poisson equation (4.91) have been conjectured in [33].
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On using (2.26) we have that
(
∆O(d,d,Z) +
d(d− 2)
2
)
Iˆ
(1)
D10R4
=
20pi
6!
∫
FL
d2Ω
Ω22
(
336D2,1,1,1 − 1632
5
E5 + 48ζ(3)E2 +
144
5
ζ(5)
)
∆ΩΓd,d;1, (4.93)
where
Iˆ
(1)
D10R4 = I
(1)
D10R4 −
10pi
3
∫
FL
d2Ω
Ω22
E2E3Γd,d;1. (4.94)
Integrating by parts and using (4.91), we obtain the differential equation
(
∆O(d,d,Z) +
(d+ 4)(d− 6)
2
)
Iˆ
(1)
D10R4
= pi
∫
FL
d2Ω
Ω22
(168
5
E5 − 112
3
E2E3 − 16
3
ζ(3)E2 − 58
15
ζ(5)
)
Γd,d;1
+pi
∫ 1/2
−1/2
dΩ1
[(28
3
D2,1,1,1 − 136
15
E5 +
4
3
ζ(3)E2 +
4
5
ζ(5)
)∂Γd,d;1
∂Ω2
−Γd,d;1 ∂
∂Ω2
(28
3
D2,1,1,1 − 136
15
E5 +
4
3
ζ(3)E2
)]∣∣∣
Ω2=L→∞
. (4.95)
To calculate the boundary contribution for d ≤ 7, we again use (3.37) and keep finite
terms as Ω2 = L→∞. We use the expressions [33]
pi2E2 = 2ζ(4)Ω
2
2 +
pi
Ω2
ζ(3),
pi5E5 = 2ζ(10)Ω
5
2 +
35pi
64Ω42
ζ(9),
pi5D2,1,1,1 =
6
5
ζ(10)Ω52 + 2piζ(3)ζ(6)Ω
2
2 −
pi
2
ζ(4)ζ(5) +
21pi
8Ω22
ζ(2)ζ(7)
− 3
Ω32
ζ(2)ζ(3)ζ(5) +
43pi
64Ω42
ζ(9) (4.96)
where we have dropped terms that are exponentially suppressed at large Ω2.
Thus for d ≤ 7 we get a finite contribution to (4.95) given by
pi
∫ 1/2
−1/2
dΩ1
[(28
3
D2,1,1,1 − 136
15
E5 +
4
3
ζ(3)E2 +
4
5
ζ(5)
)∂Γd,d;1
∂Ω2
−Γd,d;1 ∂
∂Ω2
(28
3
D2,1,1,1 − 136
15
E5 +
4
3
ζ(3)E2
)]∣∣∣
Ω2=L→∞
=
101pi
135
ζ(5)δd,2 + 4ζ(3)
2δd,4 +
245
12pi
ζ(7)δd,6. (4.97)
Next consider the contribution involving E5 in the integrand in (4.95). Defining
J2 =
∫
FL
d2Ω
Ω22
E5Γd,d;1, (4.98)
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we have that
(
∆O(d,d,Z) +
(d+ 8)(d− 10)
2
)
J2 = 2
∫ 1/2
−1/2
dΩ1
[
E5
∂Γd,d;1
∂Ω2
− Γd,d;1∂E5
∂Ω2
]∣∣∣
Ω2=L→∞
. (4.99)
The right hand side vanishes for d ≤ 7, leading to
(
∆O(d,d,Z) +
(d+ 8)(d− 10)
2
)
J2 = 0. (4.100)
Thus we obtain the Poisson equation
(
∆O(d,d,Z) +
(d+ 4)(d− 6)
2
)
Iˆ
(1)
D10R4 =
168pi
5
J2 − 112pi
3
∫
FL
d2Ω
Ω22
E2E3Γd,d;1
−8
3
ζ(3)I
(1)
D4R4 −
29
15
ζ(5)I
(1)
R4 +
101pi
135
ζ(5)δd,2 + 4ζ(3)
2δd,4 +
245
12pi
ζ(7)δd,6 (4.101)
on using (2.23) and (2.24).
4.1 The one loop D10R4 interaction in nine dimensions
We analyze (4.101) in nine dimensions which is the simplest case. Using (3.45), in nine
dimensions we have that
1
2
(
r2
d2
dr2
+ r
d
dr
− 25
)
Iˆ
(1)
D10R4 =
168pi
5
J2 − 112pi
3
∫
FL
d2Ω
Ω22
E2E3Γ1,1;1
−8
3
ζ(3)I
(1)
D4R4 −
29
15
ζ(5)I
(1)
R4 . (4.102)
Proceeding as in the case of the D8R4 interaction, we get that
J2 =
105
4pi9
ζ(9)ζ(10)
(
r9 +
1
r9
)
. (4.103)
Also we obtain the expressions for the R4 and D4R4 interactions from (2.28).
Let us now consider the remaining expression
K2 =
∫
FL
d2Ω
Ω22
E2E3Γ1,1;1 (4.104)
in (4.102) which we evaluate using the unfolding technique in (3.47). The first term on
the right hand side of (3.47) does not give any contribution as L → ∞. The remaining
contribution to K2 is given by
r
pi5
∑
m6=0
∫ L
0
dΩ2
Ω22
e−pim
2r2/Ω2
[
4ζ(4)ζ(6)Ω52 + 2piζ(3)ζ(6)Ω
2
2 +
3pi
2
ζ(4)ζ(5)
+
3pi2
4Ω32
ζ(3)ζ(5) + 16pi5Ω2
∞∑
k=1
k4µ(k, 2)µ(k, 3)K3/2(2pikΩ2)K5/2(2pikΩ2)
]
(4.105)
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on using the expression for the Eisenstein series in (2.16) and integrating over Ω1. The first
four terms which are power behaved in Ω2 give us the finite contributions
105
2pi9
ζ(4)ζ(6)ζ(9)r9 +
2
pi5
ζ(3)2ζ(6)r3 +
3
pi5r
ζ(2)ζ(4)ζ(5) +
9
pi7r7
ζ(3)ζ(5)ζ(8). (4.106)
Finally the terms which are exponentially suppressed for large Ω2 in (4.105) give us
16
pi5r5
∞∑
k,m=1
k
m6
µ(k, 2)µ(k, 3)
[
pirm
√
k
(
9 + 12pi2r2m2k + 2pi4m4r4k2
)
K1(4pimr
√
k)
+
(
3 + 2pi2r2m2k
)(
3 + 4pi2r2m2k
)
K2(4pimr
√
k)
]
.(4.107)
Including the various contributions, we solve (4.102) to obtain
I
(1)
D10R4 = d1r
5 +
d2
r5
+
147
pi8
ζ(9)ζ(10)r9 +
20
7pi2
ζ(3)2ζ(4)r3 +
29
45
ζ(2)ζ(5)r
+
116
135r
ζ(2)ζ(5) +
4
3pi2r3
ζ(3)2ζ(4) +
2
pi6r7
ζ(3)ζ(5)ζ(8) +
63
2pi8r9
ζ(9)ζ(10)
+
1
240pi4r5
∞∑
k,m=1
k
m6
µ(k, 2)µ(k, 3)
[
8
(
− 1728 + 624ξ2 + 43ξ4
)
K0(ξ)
+
(
− 27648 + 6528ξ2 + 2080ξ4 + 25ξ6
)K1(ξ)
ξ
]
− 7 · 2
8
15pi4r5
∞∑
k,m=1
k
m6
µ(k, 2)µ(k, 3)ξ10
∫
dξ
ξ10
[(9
4
+
12ξ2
43
+
2ξ4
45
)
K1(ξ)
+
(
9 +
18ξ2
42
+
8ξ4
44
)K2(ξ)
ξ
]
(4.108)
where d1 and d2 are undetermined constants. This further simplifies using the result∫
dξ
ξ10
[(9
4
+
12ξ2
43
+
2ξ4
45
)
K1(ξ) +
(
9 +
18ξ2
42
+
8ξ4
44
)K2(ξ)
ξ
]
= −
(
3 +
3ξ2
4
+
5ξ4
128
)K1(ξ)
2ξ11
−
(
3 +
3ξ2
8
+
ξ4
128
)K0(ξ)
4ξ10
. (4.109)
Thus we get that
I
(1)
D10R4 = d1r
5 +
d2
r5
+
147
pi8
ζ(9)ζ(10)r9 +
20
7pi2
ζ(3)2ζ(4)r3 +
29
45
ζ(2)ζ(5)r
+
116
135r
ζ(2)ζ(5) +
4
3pi2r3
ζ(3)2ζ(4) +
2
pi6r7
ζ(3)ζ(5)ζ(8) +
63
2pi8r9
ζ(9)ζ(10)
+
1
pi4r5
∞∑
k,m=1
k
m6
µ(k, 2)µ(k, 3)
[(
32 + 32ξ2 +
5ξ4
3
)
K0(ξ)
+
(
64 + 72ξ2 + 11ξ4 +
5ξ6
48
)K1(ξ)
ξ
]
. (4.110)
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We now fix the coefficients d1 and d2, by using (3.47) and (4.92). Arguing as before,
the terms we need can only come from terms that are power behaved in Ω2 in the large Ω2
expansion in 336D2,1,1,1 + 240E2E3 − 1632E5/5 + 48ζ(3)E2. The r5 and r−5 terms in the
amplitude can only come Ω32 and Ω
−2
2 terms in 336D2,1,1,1+240E2E3−1632E5/5+48ζ(3)E2.
However, from (4.96) and the expression for E2 we see there are no Ω
3
2 terms and hence
d1 = 0. (4.111)
Now the Ω−22 term in D2,1,1,1 is non–vanishing and we get that
d2 =
7ζ(2)ζ(7)
135
. (4.112)
4.2 Possible implications for U–duality from the harmonic anomaly
As in the analysis of the D8R4 interaction, the presence of the last three terms in (4.101)
suggest the presence of some non–analytic terms in the string amplitude. Using
EanD10R4(G,B, gd) = g32/(d−8)d I(0)D10R4(G,B) + g(2d+16)/(d−8)d I(1)D10R4(G,B) + . . . , (4.113)
the structure of (4.101) suggests that among other contributions we have that
Eˆnon−anD10R4 ∼ (δd,2EˆD4R4 + δd,4EˆD6R4 + δd,6EˆD8R4)lngd. (4.114)
This is because the U-duality invariant equation of the form
∆U EˆD10R4 = . . . , (4.115)
on using (3.78), (3.82) and (3.81) gives
∆O(d,d;Z)I
(1)
D10R4 ∼ δd,2I(0)D4R4 + δd,4I(0)D6R4 + δd,6I(0)D8R4 ∼ ζ(5)δd,2+ ζ(3)2δd,4+ ζ(7)δd,6. (4.116)
This leads to several consequences for the perturbative contributions to the D10R4 inter-
action at various loops along the lines of the previous discussion.
In fact the source terms involving ζ(3)I
(1)
D4R4 and ζ(5)I
(1)
R4 in (4.101) suggest the presence
of source terms EˆR4EˆD4R4 on the right hand side of (4.115).
Thus we have analyzed the contribution to the D8R4 and D10R4 interactions from
the low momentum expansion of the four graviton amplitude. We have obtained second
order differential equations satisfied by the coefficient functions of these interactions, which
we have solved in nine dimensions. Even in this simple setting, note that while the BPS
interactions are given by the simple expressions in (2.28), the non–BPS ones are complicated
and are given by (3.72) and (4.110), elucidating the difference between the interactions
protected or not by supersymmetry. These interactions obtained from the one loop four
graviton amplitude must be the same in the type IIA and IIB theories. In nine dimensions,
this implies invariance under r ↔ 1/r while keeping e−2φr fixed. While this is manifest in
(2.28), this is not the case in either (3.72) or (4.110). One can extend the analysis to higher
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orders in the momentum expansion of the one loop four graviton amplitude, on obtaining
the detailed structure of the integrands. For the D12R4 interaction, a modular invariant
differential equation for the Mercedes diagram has been obtained [39], which leads to partial
contribution for the D12R4 interaction.
It would be interesting to extend the analysis to lower dimensions in detail, and also
at higher string loops. This could give insight into the structure of non–BPS operators
in maximally supersymmetric string theories, which are not well understood apart from
some constraints based on supersymmetry and the explicit multi–loop structure of maximal
supergravity [13, 40–44].
A A list of useful formulae
In the main text, we often need various formulae involving Bessel functions which we
summarize. Recall that
Ks(ξ) = K−s(ξ). (A.117)
We make use of the recurrence identities
Ks(ξ) = Ks+2(ξ)− 2(s+ 1)
ξ
Ks+1(ξ),
Ks(ξ) = Ks−2(ξ) +
2(s− 1)
ξ
Ks−1(ξ),
Ks(ξ) =
ξ
2s
(
Ks+1(ξ)−Ks−1(ξ)
)
, (A.118)
as well as the integral ∫
dξξs+1Ks(ξ) = −ξs+1Ks+1(ξ). (A.119)
Some of the simple integrals that are needed for the D8R4 interaction are
∫
dξK1(ξ) = −K0(ξ),
∫
dξ
ξ
K2(ξ) = −K1(ξ)
ξ
,
∫
dξξK2(ξ) = −2K0(ξ)− ξK1(ξ),
∫
dξξ2K1(ξ) = −ξ2K2(ξ). (A.120)
For the more involved integrals we use the relation
∫
dξ
ξm
Ks(ξ) = − Ks(ξ)
(m− 1)ξm−1 −
1
2(m− 1)
∫
dξ
ξm−1
(
Ks−1(ξ) +Ks+1(ξ)
)
(A.121)
where m is an integer greater than 1. Using this iteratively, we obtain integrals with only ξ
in the denominator and Bessel functions in the numerator. These can be performed using
∫
dξ
ξ
K2n(ξ) = − 1
2n
[
(−1)nK0(ξ) +K2n(ξ) + 2
n−1∑
k=1
(−1)k+nK2k(ξ)
]
(A.122)
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where n is a positive integer. Thus we have that
∫
dξ
ξ
K4(ξ) =
1
2ξ
[K1(ξ)− 3K3(ξ)],∫
dξ
ξ
K6(ξ) = − 1
3ξ
[K1(ξ)− 3K3(ξ) + 5K5(ξ)],∫
dξ
ξ
K8(ξ) =
1
4ξ
[K1(ξ)− 3K3(ξ) + 5K5(ξ)− 7K7(ξ)]. (A.123)
For the D10R4 amplitude, we also need the simple integrals
∫
dξξ3K2(ξ) = −ξ3K3(ξ),∫
dξξ4K1(ξ) = −ξ4K4(ξ) + 4ξ3K3(ξ). (A.124)
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